Introduction
We showed recently [1] , in the framework of quantum cloning, that in dimension N = 4 different classes of Bell states can be defined, that are associated to different groups of permutations of the N basis states. These Bell states were shown to be in one to one correspondance with a commutative group (generalised addition) of N elements. When the dimension is a prime power, it is known that it is possible to define a multiplication that, together with the addition forms a field structure. Beside, it is known [3, 4] that for such dimensions there exists a maximal set of mutually unbiased [5] bases (two orthonormal bases of a N dimensional Hilbert space are said to be mutually unbiased if whenever we choose one state in the first basis, and a second state in the second basis, the modulus squared of their in-product is equal to 1/N). We show in this paper how to (re)derive in a straightforward manner an expression for the states of these bases. They appear to be defined intrinsically in terms of the field operations. We show that these bases diagonalize a finite group of N + 1 unitary transformations under which (generalized) Bell states are invariant. The (straightforward) connection with techniques developed in the framework of quantum information (tomography [6] , error operators [7, 8, 1, 9] , the Mean King's problem [10, 11, 12] ) is discussed.
Construction of N + 1 mutally unbiased bases. A crucial element of the construction is the existence of a finite commutative division ring or field of N elements. A field is a set with a multiplication and an addition operation which satisfy the usual rules, associativity and commutativity of both operations, the distributive law, existence of an additive identity 0 and a multiplicative identity 1, additive inverses, and multiplicative inverses for every element, 0 excepted. As it is well known, finite fields with N elements exist if and only if the dimension N is a prime or a power of a prime. Note that the derivation of a set of mutually unbiased bases is already known in such cases [3, 4] , but we found an easy and nearly self-consistent derivation, in terms of the field operations only via the properties of Bell states. In what follows we shall assume that the dimension is a prime power N = p m , so that there exists a field G with N elements, and two operations ⊙ G and ⊕ G . Moreover, we choose an expression (this is always possible) of this field in terms of integer numbers (0,1,.
is a pth root of unity. The following identity is then fulfilled:
Let us define the (N 2 ) U operators as follows:
where γ G = e i.2π p and the states |e 0,k q are defined as follows:
Note that in this hybrid expression certain operations (the powers for instance) are expressed in terms of the usual operations (the corresponding field is the set of complex numbers, and γ G is a complex phasor). In virtue of the identities γ
, and
, the (N 2 − N) U operators are diagonal in the N dual bases defined as follows (this expression is a generalisation of an expression already derived by Wootters and Fields [3] ) :
One can check by direct computation that the following identity is valid:
Let us now check that the N bases obtained so are mutually unbiased.
We made use of the fact that there is no divider of 0 excepted 0 itself (the multiplication ⊙ G forms a division ring). For i = 0, we define the operators U as follows:
k |, in agreement with the relation 4. These operators are diagonal in the computational basis which, obviously, is mutually unbiased relatively to the N other bases.
Beside, the N 2 U operators are equal, up to a phase, to the V operators which are defined by the relation
These operators V satisfy the following composition relation:
Up to phases, this is a group composition law. Actually, the commutator of such operators is known as the Weyl commutation rule, and was already derived before in the study of mutually unbiased bases in prime dimensions [13, 11] . The novelty is that we realized that this pseudo-groupal law corresponds to a symmetry group as we shall now show.
Tranformation law for the Bell states.
We can reexpress in terms of the field operations the definition of Bell states introduced in [14] and [1] , and define a family of N 2 generalized Bell states as follows:
Note that in this definition, we introduced the basis |k * which is the complex conjugate basis of the direct basis |k [14] . This does not make any difference when |k is the reference (computational) basis but it does when the Bell states are defined relatively to a basis that possesses states with complex amplitudes when they are expanded in the computational basis. For instance, in the kth basis, we find the following Bell states:
We get the following transformation law for the Bell states, when we pass from the computational basis |e 0 p to one of the mutually unbiased bases defined in Eqn.3:
This is a bijective relation between the Bell states (up to global phases), because there is no divider of 0 excepted 0 itself. Most of all, the following identity is fulfilled:
Remember that
Am * ,Bn , so that the problem of global phases in the definition of the V operators is solved. This shows that, (up to irrelevant, global phases) the mutually unbiased bases are eigen bases of a finite symmetry group: a set of transformations that preserves the Bell states. As we shall briefly show, the recognition of this fundamental invariant associated to the maximal sets of mutually unbiased bases allows us to shed a new light on old problems and techniques that were developed in the framework of quantum information.
Applications in quantum information.
We shall now briefly discuss three direct applications of these ideas in the framework of quantum information: error operators, quantum tomography, and the Mean King's problem.
1. Error operators: According to a standard procedure in quantum cryptography [7, 8, 1] , let us assume that Alice and Bob share the maximally entangled state
A |k B and that Alice measures the state |k * A , so that Bob gets the collapsed state |k B . This is a way for Alice to transmit quNits to Bob. Let us assume now that an eavesdropper Eve controls the source and replaces |B 0 * ,0 AB by |B n * ,m AB . When Alice projects her quNit onto |k * A , then Bob receives, instead of |k B , V m n |k B (up to a global, irrelevant, phase). This explains why we can interpret the operator V as an error operator. According to the transformation law 11, if Alice and Bob want to transmit the key in another, mutually unbiased basis, as in the BB84 protocol [15] , the change of basis maps the Bell state |B n * ,m onto |B −m+n(k−1) * ,n (up to a phase). Accordingly, the error operators V are bijectively intertwined when one passes from the computational basis to any of the N other bases that diagonalize these operators; for instance, V m n is mapped onto V n (k−1).n−m , up to a phase. This mapping is bijective only in prime dimensions. This explains the special role played by prime dimensions (or more generally by the existence of a field): it is only for such dimensions that the N + 1 bases are treated on the same footing.
Quantum tomography:
Measuring the probabilities of transition towards the states of the mutual unbiased bases allow us to make a complete tomography of an arbitrary quantum state. For instance, it is easy to show that the following equivalence is fulfilled:
Formally, if we express the density matrix as a N 2 dimensional state, the previous identity is equivalent to the fact that the Bell states form an orthonormal basis. By linearity, we obtain a similar development for any linear operator L:
+ .L). The same is true for what concerns the U operators, which are (for prime dimensions only) in one to one correspondance with the V operators. As they are equal to the V operators up to a phase, they also allow us to perform tomography:
In particular, when L represents an arbitrary density matrix, we can obtain a complete knowledge about it by measuring the N 
The Mean King's problem:
We shall firstly give an overview of the treatment in the simplest case (qubits) [10] . We shall then consider the general case for which solutions already exist (in prime [11] and power prime dimensions [12] ) and derive a solution thanks to the tools that were introduced in this paper. The problem to solve is, roughly speaking, the following: Alice must, in order to save her head, be able to distinguish the 6 product states |e 
In say the first basis the four Bell states are defined as follows:
where m, n ∈ {0, 1}. Note that in the two first bases, which are real, we omit the conjugation marks. Consequently:
It is easy to check that the two last Ψ Z states are orthogonal to the product state |e 
So that the four states |Ψ Z are bijectively transformed in the four states |Ψ X and |Ψ Y (up to unobservable phase changes!). Therefore Alice can infer without error the values of the spins along three orthogonal directions (a rather counterintuitive result!) and consequently save her head. Once again the solution of this problem was already known in the past [11, 12] . Nevertheless the use of Bell states provides a direct way to attack the problem: if the Mean King's problem is formulated in terms of i (not necessary mutually unbiased) bases, the first candidate for the solution will be a combination of Bell states that is invariant in these bases. If we expand this state in terms of Bell states, the amplitudes of its development must obey linear constraints (of the order of i.N 2 constraints) that express that the state is eigenstate (for the eigenvalue 1) under the i changes of basis. For instance, it can be checked that the two first columns of the matrix of amplitudes in the expression 14 are mapped onto themselves (up to permutations of the lines) if we intervert the two central columns. This constraint is the expression of the invariance of the Ψ Z states when we pass from the Z to the X basis. In principle, imposing strict covariance we ought also recover the same matrix after multiplying the last column by -1, but this does not matter, because the Mean King will never prepare combinations of the states |B Z 0,1 K,A and |B Z 1,0 K,A . We get similar constraints when we pass to the Y basis (this explains the presence of the i factors in the last column). As we see, the introduction of Bell states makes it possible to "engineer" the Mean King's problem. In particular, we can derive in a straightforward manner the solution of the Mean King's problem in dimension p m , with p a prime and m a positive integer. In order to understand how we found it, it is worth realizing that if the King prepares simple states |e k i Alice instead of product states, Alice loses her head with probability larger than 9,8 percent [16] (by the way, it would be more appropriate to call this problem Alice's problem). So the passage to a Hilbert space of dimension (p m ) 2 is crucial. It is also worth noting that the matrix 17 with i replaced by 1, which is strictly covariant in the X basis is the double Hadamard matrix, which exhibits remarkable duality properties in dimension 4 [1] . This matrix can be expressed [17] in terms of the multiplication of a field with 4 elements (2 2 ). Therefore, it is natural to look for a solution which is expressed in terms of the operations of a field of (p m ) 2 elements. We can express such elements as follows:
We iterated the operations to emphasize that we are in a field with N 2 elements instead of N. λ corresponds, roughly, to p m , but we wrote it this way in order not to confuse with other (latin) indices. Now, as these operations form a field, we get:
We can express λ⊙⊙λ as Res.(λ⊙⊙λ)⊕⊕Im.(λ⊙⊙λ)⊙⊙λ =(R 1 , I 2 ), and R 1 = 0.
p is a pth root of unity, only the lowest power of p (0) is relevant and we also have γ
. Intuitively, Res corresponds to the rest after division by p m .
Let us consider the N 2 states defined as follows:
This basis is dual to the Bell basis (up to phases!) in a N 2 dimensional Hilbert space [17] . It is easy to check its orthonormality, in virtue of the identity 
This shows that, up to components of negligible weight, the basis |Ψ 0 (i 1 ,i 2 ) is equivalent to the King's basis. In order to be able to infer the value of the King's preparation in any mutually unbiased basis, we must have a similar relation when we reexpress the King's states and the |Ψ 0 (i 1 ,i 2 ) state in the kth basis. In virtue of the identity 11, the transformation law for the |Ψ states is the following: 
The last expression is similar to the one obtained in the computational basis. This proves the invariance of the relevant components of the states |Ψ . Remark that it coincides exactly, in the qubit case, with the expression 14 computed from [11] .
Conclusion.
We show in another paper [17] how the rather formal results relative to the construction of the mutually unbiased bases can be derived from very primitive concepts: addition, multiplication, and duality. The whole structure can be derived in a nearly self-consistent manner. Beside, it seems that our results are simpler than what can be found in the litterature on the subject. We believe that our approach provides a gain of simplicity, and maybe of generality. In any case, the recognition of the Bell states as fundamental objects in this framework appeared to be useful in the resolution of the Mean King's problem, god forgives him!
